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A large class of quantum theories of gravity show that the Heisenberg’s uncertainty principle is
modified to the “Generalised Uncertainty Principle” (GUP) near the Planckian scale. It has also
been shown that the GUP induces perturbative corrections to all quantum mechanical Hamiltonians,
even at low energies, and thereby introduces Planck scale corrections to the Schro¨dinger equation and
to the relativistic quantum mechanical equations. Some of these corrections give rise to potentially
measurable effects in the low-energy laboratory. Another prediction of these corrections is that
a measured length must be quantized, as seen by studying the solutions of the GUP modified
Schro¨dinger, Klein-Gordon, and Dirac equations in a one, two, and three dimensional box. This
result was subsequently extended to spacetimes with weak gravitational fields. In this work, we
further extend this length quantization to spacetimes with strong gravitational fields and show that
this result continue to hold, thereby showing that it is robust.
I. INTRODUCTION
It is well known that the standard quantum field theory (QFT) is successful up to a certain energy scale Λ≪MPlc
2,
where MPl is the Planck mass and MPlc
2 ∼ 1019 GeV is the Planck energy. As a result, QFT generally excludes the
energy scale associated with quantum gravitational interactions. A related issue is that in quantum gravity (QG),
one expects quantum fluctuations of the background spacetime, whereas standard QFT assumes a fixed background
spacetime on which quantum fluctuation of matter and gauge fields are studied. As a result, a complete and consistent
theory of QG is yet to be formulated, although there are promising candidate theories such as String Theory, Loop
Quantum Gravity, Causal Dynamical Triangulations, Doubly Special Relativity (DSR) etc. A consistent theory of
QG may be a gateway to the unification of all fundamental forces of nature. One shortcoming of all such theories
is the complete absence of direct or indirect experimental evidence in support of or contradicting them. This being
clearly undesirable, it is important to explore potential signatures of these theories in current or future experiments.
This has been the subject of study of Quantum Gravity Phenomenology [1, 2].
In this respect, one has often exploited a robust prediction of candidate theories of QG, namely a minimum
uncertainty in position measurement to O(lPl) with lPl ∼ 10
−35 m to be the Planck length, the corresponding
existence of a minimum measurable length [3–5], and the modification of the Heisenberg uncertainty principle (HUP)
to the so-called Generalised Uncertainty Principle (GUP) [6–9].
The GUP implies a modification of the standard Heisenberg commutator, i.e., [xi, pj] = i~δij , by terms induced
from QG. Although these terms imply significant contributions near the Planck length or energy scale, they give rise
to potentially measurable effects at much lower energy scales. A generalization of the GUP was proposed in Refs.
[10–14] of the form
[xi, pj ] = i~
[
δij−α
(
p δij +
pipj
p
)
+ α2
(
p2 δij + 3 pipj
)]
(1a)
[pi, pj ] = [xi, xj ] = 0 . (1b)
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2This modification of the standard Heisenberg commutator corresponds to the following modified position-momentum
uncertainty relation
∆x∆p >
~
2
[
1− 2α 〈p〉+ 4α2 〈p2〉
]
>
~
2
[
1 +
(
α√
〈p2〉
+ 4α2
)
∆p2 + 4α2 〈p〉2 − 2α
√
〈p2〉
]
(2)
where i and j take values 1, 2, 3, the magnitude of the squared momentum is p2 =
∑3
j=1 pjpj , and α = α0/MPlc =
α0lPl/~ with α0 to be a dimensionless constant, sometimes assumed to be O(1).
The above form of GUP is compatible with the modification of uncertainty principle, as proposed in String Theory,
DSR, and black hole (BH) physics. For alternate forms of GUP, we refer our readers to Refs. [5, 10, 15–17] and
for phenomenological implications to Refs. [14, 18, 19]. It should be noted that the form of GUP as given in Eq.
(2) is not manifestly Lorentz invariant. However, it is at least approximately covariant under the non-linear Lorentz
transformations in DSR theories [20–24]. The aforementioned forms of the modified commutation relation, namely Eq.
(1a), and of the GUP, namely Eq. (2), imply a minimum measurable length and a maximum measurable momentum
of the form
∆x > (∆x)min ≈ α0 lPl (3a)
∆p 6 (∆p)max ≈
MPl c
α0
. (3b)
For ease of calculations, one defines the physical position and momentum operators (which are no longer canonically
conjugate) in terms of auxiliary and “canonical” variables x0i and p0i, such that
xi = x0i, pi = p0i
(
1− αp0 + 2α
2p20
)
(4)
[x0i, p0j ] = i~ δij (5)
with p0i = −i~
∂
∂x0i
to be interpreted as the components of the low-energy momentum p0, where the QG effects are
negligible, and p20 ≡
∑3
i=1 p0ip0i. On the other hand, pi may be regarded as the momentum at “high energies”. Using
the above equations, one can indeed show that Eq. (1a) is satisfied.
In the current paper, we re-examine an interesting aspect of GUP, which is the prediction that not only is there
a minimum length, but that all measurable lengths are quantized and discrete. Note that the former does not
automatically imply the latter. A similar set of results follow for area and volume measurements as well. It has been
shown earlier that this discreteness holds not only for flat background spacetimes, but also in the presence of weak
gravity. Specifically, in Ref. [13], the authors have shown that the one-dimensional space confining an elementary
particle must be discrete, implying all measurable lengths are quantized in units of a fundamental length scale, which
can be the Planck length. Subsequently, in Ref. [25], this was extended for a relativistic particle confined in a
rectangular as well as in a spherical box in one, two, and three dimensional space by solving the GUP-modified Klein
Gordon and Dirac equations. It was shown that the length, area, and volume of the box are quantized in units of a
fundamental length scale. Extending the results of flat spacetime to weakly curved spacetime, the authors of Ref. [26]
have shown that the quantization of lengths, areas, and volumes continue to hold in the weak gravitational regime.
These results support the fundamentally discrete nature of space and a breakdown of the spacetime continuum picture
near the Planck scale. Here we will explore the extent to which the length quantization holds for strong gravity, i.e.,
in the background of spacetimes of high curvature. As a concrete example of a spacetime with strong gravity, we first
consider the Schwarzschild BH metric in its high curvature region. Without exploiting any other BH property such as
its horizon or singularity, we show that our result for the quantization of the length of the box continues to hold. Then,
we obtain similar results for the case of Reissner-Nordstro¨m (RN) BH and for the case of the cosmological Friedmann-
Lemaˆitre-Robertson-Walker (FLRW) spacetime. Following our earlier works, our strategy would be to solve the scalar
field equation in the background of the aforementioned spacetimes, impose “box boundary conditions” such that the
field is confined to a finite region of space and show that such a region can only be of quantized or discrete size.
In other words, the length measurements, which require the confinement of one or multiple particles (described by
the scalar field) within a boundary, signifying the end points of the length to be measured, imply in turn that the
measurable lengths are discrete as opposed to continuous. Deriving this in the context of strong gravity completes this
program. Although discreteness of lengths, areas, and volumes have been derived from other approaches in the past,
our approach here for the length quantization is relatively simpler and does rely neither on any particular approach
of quantum gravity, nor does it require additional assumptions [27–29].
3The remainder of the paper is organized as follows. In sections II, III, and IV we present the analysis for the quantum
character of space in the strong gravity regions, as produced by the Schwarzschild BH, RN BH, and FLRW metrics,
respectively. Finally, in section V, we discuss our findings and conclude. Appendices are provided for the paper to be
self-sufficient. Throughout the paper, we consider the metric signature to be (−,+, ......+).
II. GUP IN SCHWARZSCHILD BH SPACETIME
In this section we study the scalar field equation in the strong gravitational field of the Schwarzschild BH spacetime.
We start working in D spacetime dimensions with coordinates (t, r, χ1, χ2, ...χD−2) and, thus, the Schwarzschild BH
metric reads
ds2 = −f(r)c2dt2 +
1
f(r)
dr2 + r2dΩ2D−2 (6)
with f(r) =
(
1 − 2GMc2 rD−3
)
and dΩ2D−2 = dχ
2
1 + sin
2χ1 dχ
2
2 + sin
2χ1 sin
2χ2 dχ
2
3 + sin
2χ1.....sin
2χD−3 dχ
2
D−2, where
ΩD−2 is the area of a unit sphere S
D−2. The radius of the event horizon is given as rH =
(
2GM
c2
)1/(D−3)
with M
to be the BH mass. It should be stressed that the above BH spacetime consists of three distinct regions: (i) the
asymptotically flat region, i.e., r → ∞, (ii) the region near the event horizon of the BH, i.e., r ∼ rH , and (iii) the
region near the BH curvature singularity, i.e., r → 0. Region (iii) is the strong gravity region in which the metric
given by Eq. (6) reduces to
ds2 =
2GM
c2 rD−3
c2dt2 −
c2 rD−3
2GM
dr2 + r2dΩ2D−2 . (7)
It is well known that the scalar field or Klein-Gordon (KG) equation in any D-dimensional curved spacetime is written
as
(✷+
m2c2
~2
)Φ = 0 . (8)
Assuming Φ(t, r, χ1, χ2, . . . , χD−2) = τ(t)ψ(r)Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2) and separating variables, Eq. (8) now
reads (see Appendix A)
−
~
2
rD−2
d
dr
[
rD−2
dψ(r)
dr
]
︸ ︷︷ ︸
p2
0
f(r) − ~2 f ′(r)
dψ
dr
+
[
~
2 l(l + 1)
r2
−
E2
c2 f(r)
+m2c2
]
ψ(r) = 0 (9)
where l = 0, 1, 2 . . . is the orbital quantum number and E the energy of the scalar field. It is easily seen that Eq.
(9) portrays the radial equation of motion for a scalar field in the Schwarzschild BH background. At this point we
need to modify the squared low-energy 3-momentum, i.e., p20, due to the GUP and for this reason we utilize Eq. (4).
Therefore, the squared low-energy 3-momentum, i.e., p20, will be transformed to the high-energy 3-momentum, i.e.,
p2i , as follows [13, 25]
p20 → p
2
i = −~
2∇2 ψ(r) − 2 iα~3∇2(∇ψ(r)) + 5α2~4∇2(∇2ψ(r)) (10)
where the Laplace operator is written in the Cartesian coordinates. Hence, we transform the operator to the spherical
polar coordinates and so we use p2i in Eq. (9). Thus, we obtain the GUP modified scalar field equation
− ~
2
rD−2
d
dr
[
rD−2 dψ(r)dr
]
− 2 iα~
3
rD−2
(
d
dr
[
rD−2 ddr
]
dψ
dr
)
+ 5α
2
~
4
rD−2
d
dr
[
rD−2 ddr
][
1
rD−2
d
dr
{
rD−2 dψ(r)dr
}]
− ~
2 f ′(r)
f(r)
dψ
dr +
[
~
2 l(l+1)
f(r) r2 −
E2
c2 f2(r) +
m2c2
f(r)
]
ψ(r) = 0 . (11)
The above equation can be viewed as the master equation for the massive KG field in the background of a stationary
and spherically symmetric spacetime.
Now we focus on a 4-dimensional spacetime, namely D = 4, for which Eq. (11) reduces to
−
2~2
r
ψ′(r)− ~2 ψ′′(r)− 4iα~
3
r ψ
′′(r) − 2iα~3 ψ′′′(r) + 20α
2
~
4
r ψ
′′′(r) + 5α2~4 ψ′′′′(r)
− ~
2 f ′(r)
f(r) ψ
′(r) +
[
~
2 l(l+1)
f(r) r2 −
E2
c2f2(r) +
m2c2
f(r)
]
ψ(r) = 0 . (12)
4Utilizing the following approximations in the r → 0 limit
lim
r→0
f(r) ≈
(
−
2GM
rc2
)
lim
r→0
f ′(r) ≈
(
2GM
c2r2
)
lim
r→0
f ′(r)
f(r)
≈ −
1
r
(13)
and omitting O(α2) terms, Eq. (12) after taking the limit r → 0, reduces to
− ~2 ψ′(r) − 4iα~3 ψ′′(r) +
[
c2~2 l(l+ 1)
−2GM
]
ψ(r) = 0 . (14)
The above equation has a solution of the form 1
ψ(r) = C1 exp
[
ir
8α~
{
1−
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
+ C2 exp
[
ir
8α~
{
1 +
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
. (15)
Now we impose the boundary conditions on solution given by Eq. (15). To determine the boundary conditions near
the r → 0 region of the Schwarzschild BH, we adopt a similar setup as for a particle confined in a box. Due to the
spherical symmetry of the Schwarzschild BH, we imagine a black sphere of radius L inside the event horizon of BH,
namely L < rH . Thus, the boundary conditions turned out to be
ψ(r = 0) = 0 and ψ(r = L) = 0 . (16)
At this point it should be stressed that one can set ψ(r = ǫ) = 0 with ǫ ≈ 0 and then take the ǫ → 0. However, as
shown in Appendix B, this gives rise to an identical quantization condition as obtained here.
The boundary condition at r = 0 on the wave function Eq. (15) yields
C1 = −C2 (17)
which now reads
ψ(r) = C˜ exp
(
iρ
α
−
iπ
2
)
sin
[
ρ
α
(1− iαβ)1/2
]
(18)
where C˜ = 2C1 ≡ |C˜| exp(−i θc˜), β =
16~ l(l+1)
rH
, and ρ = r8~ . Next, we impose the boundary condition at r = L on
the wave function given by Eq. (18) and this yields
ψ(r = L) = |C˜| exp
(
iL
8α~
−
iπ
2
− iθc˜
)
sin
[
L
8α~
(1− iαβ)1/2
]
= 0 . (19)
This leads to two possibilities:
Case 1 : exp
(
i L
8α~ −
ipi
2 − iθc˜
)
= 0
Case 2 : sin
[
L
8α~ (1− iαβ)
1/2
]
= 0 . (20)
Case 1, does not give rise to any consistent condition while, from Case 2, we obtain[
L
8α~
−
L
8~
iβ
2
+
L
8~
αβ2
8
+O(α2)
]
= nπ
=⇒
L
8α~
[
1 +
α2β2
8
]
= nπ
=⇒
L
8α~
≈ nπ
[
1− 32
α20 l
2
pl l
2(l + 1)2
r2H
]
=⇒
L
8α~
≈ nπ . (21)
1 For α → 0, Eq. (14) becomes a first order differential equation and its solution contains one unknown constant. It can be shown by
imposing α → 0 limit in Eq. (15), which is the solution for second order differential Eq. (14), that only the term associated with
constant C1 matches exactly with the solution of the first order differential equation.
5Therefore, omitting O(α2) terms, we end up with a length quantization condition of the form
L = 8nπα0lpl (22)
with n ∈ N.
A number of comments are in order. First, the length quantization condition is independent of the curvature of
spacetime and the mass of the test field. This makes the length quantization condition robust and trustworthy.
Second, starting from Eq. (14), we have been mostly working only with the linear order of the GUP parameter, i.e.,
α. For Case 2 here, we retained the O(α2) term until we obtain the condition in Eq. (21) to demonstrate that the
term includes gravitation/curvature in terms of the Schwarzschild BH radius rH . Third, our result suggests that the
space in a strong gravity region of the Schwarzschild BH spacetime is indeed quantized in units of a fundamental
length scale and the discrete nature of space continues to hold.
III. GUP IN RN BH SPACETIME
In this section we study the scalar field equation in the strong gravitational field of the RN spacetime. The 4-
dimensional RN metric in spherical polar coordinates can be described as
ds2 = −f(r)c2dt2 +
1
f(r)
dr2 + r2 dΩ2 (23)
with
f(r) =
(
1−
rs
r
+
r2Q
r2
)
, rs =
2GM
c2
, r2Q =
Q2G
4πǫ0 c4
. (24)
Using the following approximations in the r → 0 limit for the RN metric, we obtain
lim
r→0
f(r) ≈ −
rs
r
(
1−
r2Q
rs r
)
≈
r2Q
r2
, lim
r→0
f ′(r) ≈ −
(
2r2Q
r3
)
, lim
r→0
f ′(r)
f(r)
≈ −
2
r
. (25)
For the scalar field in RN background one can indeed use the master equation for a 4-dimensional spacetime as given
by Eq. (12). Thus, using Eq. (25) into the master equation and implementing the approximations for r → 0 limit as
adopted in case of Schwarzschild BH, we get
4i α~3ψ′′(r) − 20α2 ~4 ψ′′′(r) = 0 . (26)
It is evident that in Eq. (26) if we keep terms up to the linear order in α, no GUP modifications will show up. This
leads us to keep terms up to the quadratic order of α in the GUP modified KG equation. Therefore, we write
i ψ′′(r) − 5α~ψ′′′(r) = 0 (27)
and solving the above equation, we obtain
ψ(r) = (−25α2 ~2 C1) e
ir/5α ~ + C2 r + C3 . (28)
Therefore, in case of the KG equation in the background of the strong gravity region of the RN spacetime, the
corrections due to GUP start to emerge from the quadratic order of α. This feature distinguishes the strong gravity
region of RN from that of Schwarzschild spacetime.
Following a similar analysis as in section II, we implement the boundary condition at r = 0 and obtain the condition
C3 = 25C1α
2
~
2 . (29)
Then, implementing the boundary condition at r = L, we obtain
C2 L+ 25C1α
2
~
2
[
1− cos
(
L
5α~
)]
+ i 25C1α
2
~
2 sin
(
L
5α~
)
= 0 . (30)
Equating the imaginary parts from both sides of Eq. (30), we obtain a quantization condition similar to Eq. (21)
sin
(
L
5α~
)
= 0
=⇒
L
5α~
= n1π (31)
6where n1 ∈ N.
Equating the real parts from both sides of Eq. (30), we obtain the following condition
cos
(
L
5α~
)
= 1 +
C2 L
25C1α2 ~2
. (32)
The LHS of the above equation contains the even powers of L, thus, two conditions emerge of the following form
condition 1 : cos
(
L
5α~
)
= 1 =⇒
L
5α~
= 2n2 π (33)
condition 2 :
C2 L
25C1α2 ~2
= 0 (34)
where, n2 ∈ N. From condition 2, C2 turns out to be zero as L 6= 0.
Combining the conditions Eqs. (31) and (33) which have to be satisfied simultaneously, we end up with a length
quantization condition of the form
L = 10nπα0lpl (35)
with n ∈ N. Our result suggests that the space in a strong gravity region of the RN BH spacetime is indeed quantized
in units of a fundamental length scale and the discrete nature of space continues to hold.
IV. GUP IN FLRW SPACETIME
In this section we study the scalar field equation in the background of the FLRW spacetime. Studying the KG
equation in the background of FLRW spacetime will lead us to the discrete nature of space as well, as we shall see.
We consider the observed spatially flat FLRW metric in spherical polar coordinates
ds2 = −c2dt2 + a2(t)
[
dr2 + r2 dΩ2
]
(36)
where a(t) is the scale factor of the Universe. As is well known, the above spacetime correctly describes the Universe
at large scales for all epochs except the very early Planck epoch. This includes the inflationary epoch, radiation (RD)
and matter dominated (MD) phases, as well as the current accelerated expanding phase. To identify the strong gravity
regime for the FLRW spacetime, we first do a comparative study of the various phases starting from the inflationary
epoch to the MD epoch and estimate the scalar curvature in each epoch.
A. Identification of strong gravity domain in FLRW background
The Ricci scalar for the FLRW metric is given by
R =
6
a2 c2
(
aa¨+ a˙2
)
(37)
where ˙≡ d/dt. Using the Einstein’s equation for FLRW metric one obtains the Friedmann equations as
a¨
a
= −
4πG
3 c2
(ρ+ 3 p)
H2 =
(
a˙
a
)2
=
8πGρ
3 c2

 (38)
where ω = pρ is the parameter specifying the equation of state, ρ is the proper energy density, p the pressure in the
rest frame of the proper fluid, and H the Hubble parameter. Using the above equations, we write the curvature scalar
as following
R =
8πGρ
c4
(1− 3ω) . (39)
It is well known that ρinf (∼ 10
60Gev4) ≫ ρRD (∼ MeV
4) > ρMD (∼ eV
4), where ρinf , ρRD, ρMD are the proper
energy densities of inflationary, RD, and MD phases of the Universe, respectively [30] . Now using ρinf , ρRD, ρMD
and (ω = −1, 1/3, 2/3) for inflationary, RD and MD phases, respectively, one can perceive that the curvature scalar
corresponding to the inflationary epoch is much larger than the curvature scalar for the RD and MD eras.
7B. GUP modified KG equation in the FLRW background
In the background of the FLRW metric (36), the scalar field equation (8) takes the form
−
1
c2 a3(t)
∂t
[
a3(t) ∂tΦ
]
+
1
a2(t)r2
∂r
[
r2 ∂r Φ
]
+
1
a2(t)r2 sinθ
∂θ
[
sinθ ∂θ Φ
]
+
1
a2(t)r2sin2θ
∂2φ Φ −
m2 c2
~2
Φ = 0 . (40)
Furthermore, assuming Φ(t, r, θ, φ) = τ(t)ψ(r)Yl,m(θ, φ) the separated time and space parts are
~
2 d
dt
[
a3(t)
d
dt
τ(t)
]
+m2c4 a3(t) τ(t) + E2 a(t)τ(t) = 0 (41)
−
~
2
r2
d
dr
[
r2
d
dr
ψ(r)
]
+
~
2
r2
l(l + 1)ψ(r)−
E2
c2
ψ(r) = 0 . (42)
As before, we focus on the radial part (42) and incorporate the GUP to linear order in α to get
2~2
r
dψ(r)
dr
+ ~2
d2ψ(r)
dr2
+
4 iα~3
r
d2ψ(r)
dr2
+ 2 iα ~3
d3ψ(r)
dr3
−
~
2
r2
l(l+ 1)ψ +
E2
c2
ψ(r) = 0 . (43)
It is noteworthy that the above equation holds for all the epochs of the Universe including strong and weak gravity
regimes. This implies that any space quantization obtained from the above will also hold for strong and weak gravity
regimes. Now, we study Eq.(43) under the small and large r condition in our subsequent analysis.
For small values of r, i.e, r → 0, Eq.(43) reads
2 iα~
d2ψ(r)
dr2
+
dψ(r)
dr
−
l(l + 1)
2r
ψ(r) = 0 . (44)
For large values of r, i.e., r →∞, Eq. (43) reads
2 iα~3
d3ψ(r)
dr3
+ ~2
d2ψ(r)
dr2
+
E2
c2
ψ(r) = 0 . (45)
Solving Eq.(44), we get
ψ(r) = C1
i 1F1
(
1− l
2
2 −
l
2 ; 2 ;
ir
2α~
)
2α~
r + C2 G
2,0
1,2
(
−
ir
2α~
∣∣∣∣ 12
(
l2 + l+ 2
)
0, 1
)
(46)
where 1F1
(
1− l
2
2 −
l
2 ; 2 ;
ir
2α~
)
is a confluent hypergeometric function and G2,01,2 denotes a Meijer-G function. We
set the boundary conditions for small r to be
ψ(r → 0) = 0 ψ(r = L) = 0 . (47)
The first condition demands that
C2
Γ
[
1
2 (l
2 + l + 2)
] = 0 =⇒ C2 = 0 . (48)
Implementing the second boundary condition, we obtain
ψ(L) = 1F1
(
1−
l2
2
−
l
2
; 2 ;
iL
2α~
)
= 0 . (49)
Restricting ourselves to the test field Φ (and hence ψ(r)) preserving the homogeneity and isotropy of the background
spacetime, i.e. for l = 0, we have 1F1
(
1− l
2
2 −
l
2 ; 2 ;
iL
2α~
)
= 2i α~L
(
e
iL
2α~ − 1
)
, so Eq. (49) becomes
2i α~
L
(
e
iL
2α~ − 1
)
= 0
=⇒
[{
cos
(
L
2α~
)
− 1
}
+ i sin
(
L
2α~
)]
= 0 (50)
8and we end up with a length quantization condition of the form
L = 4nπα0lpl (51)
with n ∈ N.
We now turn our attention to large r. It is easily seen that Eq. (45) is identical to that for a particle in a box in flat
spacetime as in Ref. [13]. For a detailed analysis, we refer the reader to Eq. (11) of Ref. [13] and the subsequent
discussion. Solving Eq. (45) and keeping terms up to the leading order in α, we obtain a solution for ψ(r) of the form
ψ(r) = Aeik
′ r + B e−ik
′′ r + Ce
i r
2α~ (52)
where, k′ = k(1 + kα~), k′′ = k(1 − kα~), and k2 = E
2
c2~2 . It should be pointed out that in the limit α → 0, Eq. (45)
reduces to the one-dimensional Schro¨dinger equation. The appearance of the first term in Eq. (45) is due to the GUP
and as a consequence, an additional oscillatory solution appears in Eq. (52). For this to go away in the α→ 0 limit,
we require limα→0 |C| = 0. Furthermore, for simplification we consider A to be real and absorb any phase factor of
A within ψ(r).
Next we set the boundary conditions in the form ψ(r = L1) = ψ(r = L2) = 0. We impose these boundary conditions
in Eq. (52) and consider L = L2 − L1, with L to be the characteristic length of the space where the particle resides
and is a small quantity. We also expand exp[i(. . .)L)] and keep terms up to the leading order in L. Thus, we obtain
e
iL2
2α~ (i L)
[
Aeik
′L1
(
1
2α~
− k′
)
+B e−ik
′′L1
(
1
2α~
+ k′′
)]
= 0 . (53)
From the above equation, three possibilities emerge
Case 1 : e
iL2
2α~ = 0
Case 2 : L = 0
Case 3 : Aeik
′L1
(
1
2α~
− k′
)
+B e−ik
′′L1
(
1
2α~
+ k′′
)
= 0


. (54)
As can be seen, case 1 does not give a condition on L. Case 2 does not turn out to be useful either because we chose
the boundaries such that L 6= 0. Finally, Case 3 yields
B = Ae2i k L1
[
k + k2 α~− 12α~
k − k2 α~+ 12α~
]
. (55)
Now we explore Case 3 by substituting Eq. (55) in Eq.(52), and using r = L1 and C = |C| e
−i θC , we obtain
2Ak
k − k2 α~+ 12α~
= e
i
(
L1
2α~
−kL1−θC
)
(|C| iα ~L1 k
2 − |C|) (56)
where in the above equation, we have expanded ei k
2α~L1 and kept terms up to the linear order in α. Due to the
smallness of |C|, one can discard the first term in the RHS of Eq. (56) which decays faster than O(α). Thus, Eq.
(56) reduces to
|C| cos
[
L1
2α~
− kL1 − θC
]
+ i |C| sin
[
L1
2α~
− kL1 − θC
]
= −
2 k A
k − k2 α~+ 12α~
. (57)
Equating the imaginary parts from both sides of the above equation, we obtain
L1
2α~
− kL1 − θC = n1 π (58)
where n1 ∈ N.
Now, following similar analysis as above, we substitute Eq. (55) in Eq. (52) and use r = L2. Thus, we obtain
A
[
1 + e−2i kL
{
k + k2 α~− 12α~
k − k2 α~+ 12α~
} ]
= −|C|e
i
(
L2
2α~
−k L2− θC
)
e−ik
2α~L2 . (59)
9It can be noted that for α → 0 the factor
{
k+k2 α~− 1
2α~
k−k2 α~+ 1
2α~
}
→ −1. Therefore, in the α → 0 limit both sides of the
above equation vanish when kL = pπ and |C| = 0, where p ∈ N. Thus, when α 6= 0, we can expect that kL = p π+ δ,
where δ ∈ R, and limα→0 δ = 0. This implies that δ has to be proportional to α
q where q ∈ R with q > 0. Now,
following the previous analysis, Eq. (59) further reduces to
−
2 k A
k − k2 α~+ 12α~
= |C| e
i
(
L2
2α~
−kL2−θC
)
− 2ik AL
[
k + k2 α~− 12α~
k − k2 α~+ 12α~
]
. (60)
Equating the LHS of Eq. (60) with the RHS of Eq. (57), we obtain
|C| ei
(
L2
2α~
−kL2−θC
) [
1− e−iL
(
1
2α~
−k
)]
= 2ikAL
[
k + k2 α~− 12α~
k − k2 α~+ 12α~
]
. (61)
Expanding e−iL
(
1
2α~
−k
)
with respect to L and keeping terms up to the leading order in L, we obtain
|C| cos
[
L2
2α~
− kL2 − θC
]
+ i |C| sin
[
L2
2α~
− kL2 − θC
]
=
2k A(
1
2α~ − k
) [ k + k2 α~− 12α~
k − k2 α~+ 12α~
]
. (62)
Equating the imaginary parts from both sides of the above equation, we obtain the following condition
L2
2α~
− kL2 − θC = n2 π (63)
where n2 ∈ N. Subtracting Eq. (58) from Eq. (63), we get
L
2α~
= (n2 − n1)π + k L (64)
where n2 > n1 since L2 > L1. Following the previous discussion, we use kL = p π+ δ in the above equation and end
up with a length quantization condition of the form
L
2α~
= (n2 − n1 + p)︸ ︷︷ ︸
n
π + δ
L = 2nα ~π + 2α~ δ (65)
where n ∈ N. It was mentioned earlier that δ ought to be proportional to αq which leads the last term of Eq. (65)
to be of the order of a higher power in α. Therefore, we discard this term and obtain a length quantization condition
of the form
L = 2nπα0lpl . (66)
From the imaginary parts of Eqs. (57) and (62), the sine functions are determined, and this leads to cos
[
L1
2α~ − kL1−
θC
]
= cos
[
L2
2α~ − kL2 − θC
]
= ± 1, by the well known trigonometric identity. Therefore, the cosine functions in Eqs.
(57) and (62) will also give rise to similar quantization condition as in Eq. (65). Furthermore, the real parts of Eqs.
(57) and (62) will determine the relation between the two constants A and C. It should be noted that the length
quantization condition given in Eq. (66) is consistent with the length quantization condition given in Eq. (51).
The results of this section show that despite the time dependence of the background spacetime, the discreteness of
space in terms of the same fundamental unit remains in all epochs of the Universe. This shows the robustness of our
results as well as the fundamental nature of the scale of discreteness.
V. DISCUSSION
In this paper we have derived the discreteness of measured lengths in strong gravitational fields in a number of BH
and cosmological spacetimes. In particular, we worked with the Schwarzschild and RN BH spacetimes as well as the
FLRW cosmological spacetime. For the BH spacetime, the strong gravity region is close to the singular region of
the BH whereas for the FLRW spacetime it is in the inflationary epoch of the Universe. Remarkably, the derived
discreteness turns out to be independent of parameters such as the Schwarzschild mass, the RN charge, the KG
mass or for that matter any particular epoch during the evolution of our Universe. In addition, it agrees with the
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corresponding results derived for zero gravity (flat spacetime) and weak gravity (weakly curved spacetime) regimes
and employing test fields of various spins [13, 18, 26]. Furthermore, all length quantization conditions independently
of the gravitational background are of the form L ∼ nπα0lpl modulo a natural number that depends on the specific
gravitational background under study. Finally, as in many previous works [10–13, 25, 26], our results suggest the
existence of a “new” length scale lnew ≡ α0lPl intermediate between the Planck and the electroweak length scales,
making all length quantization conditions to be of the form L ∼ nπlnew. This points towards the fundamental nature
and in fact the potential universality of the discreteness of measured spaces. As we saw this follows directly from
the application of GUP, which is another robust predictions of most candidate theories of QG. As for the concrete
computation to arrive at the above results, we studied the massive KG equation in the background of a spacetime
with strong gravity. Since QG effects cannot be ignored in this regime, we included this by implementing GUP in the
KG equation. The form of GUP that we employed in our analysis is not manifestly Lorentz invariant. Therefore one
may ask as to why we did not try to implement a relativistic version of GUP, e.g. as in Refs. [31–37]. It should be
stressed that while the aforesaid relativistic version of GUP is Lorentz covariant in flat spacetimes, it still needs to
be extended to curved spacetimes. Furthermore, the form of GUP utilized here is at least approximately covariant
under the non-linear Lorentz transformations in DSR theories [20–24]. Of course, our results may undergo further
modifications due to higher order QG effects arising from the higher order terms in α which we have ignored. We
hope to explore the implications of our results in the future.
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Appendix A: Equation of motion for a scalar field in D-dimensional spacetime
The Klein-Gordon equation in a curved background is
✷Φ =
−1√
−g(D)
∂M
[√
−g(D)gMN∂NΦ
]
(A1)
with
√
−g(D) = rD−2 (sinχ1)
D−3 (sinχ2)
D−4.....(sinχD−3) . (A2)
In the above equation (M, N) runs from (0, 1, ...D − 1). We write the mode solution for the scalar field as following
Φ(t, r, χ1, χ2, ...., χD−2) = τ(t)ψ(r)Yl,m,n..(χ1, χ2, χ3, ..., χD−2) . (A3)
The scalar field equation given by Eq. (8) can be explicitly written as
1
c2
√
−g(D)
∂t
[√
−g(D)gtt∂tΦ
]
+
1√
−g(D)
∂r
[√
−g(D)grr∂rΦ
]
+
1√
−g(D)
∂χ1
[√
−g(D)gχ1χ1∂χ1Φ
]
+
1√
−g(D)
∂χ2
[√
−g(D)gχ2χ2∂χ2Φ
]
+ . . .−
m2c2
~2
Φ = 0 .
Employing Eq. (A2) and utilizing the metric as given in Eq. (6), we obtain
− 1c2f(r)∂
2
tΦ +
1
rD−2
∂r
[
rD−2f(r)∂rΦ
]
+ 1
r2(sinχ1)D−3
∂χ1
[
(sinχ1)
D−3 ∂χ1Φ
]
+ 1r2(sin2χ1)
1
(sinχ2)D−4
∂χ2
[
(sinχ2)
D−4 ∂χ2Φ
]
+ . . .− m
2c2
~2
Φ = 0 . (A4)
Then, we can write the solution for the scalar field mode in the form
Φ(t, r, χ1, χ2, . . . , χD−2) = τ(t)ψ(r)Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2) (A5)
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and, thus, Eq. (A4) becomes
− 1c2f(r)∂
2
t [τ(t)]ψ(r)Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2) +
1
rD−2 ∂r
[
rD−2f(r)∂rψ(r)
]
τ(t)Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2) +
1
r2(sinχ1)D−3
∂χ1
[
(sinχ1)
D−3 ∂χ1Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2)
]
ψ(r)τ(t)
+ 1
r2(sin2χ1)
1
(sinχ2)D−4
∂χ2
[
(sinχ2)
D−4 ∂χ2Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2)
]
ψ(r)τ(t) +
. . .− m
2c2
~2
τ(t)ψ(r)Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2) = 0 . (A6)
By dividing both sides of the above equation with τ(t)ψ(r)Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2), we obtain
− 1c2f(r)τ(t)∂
2
t [τ(t)] +
1
rD−2 ∂r
[
rD−2f(r)∂rψ(r)
]
1
ψ(r) +
1
r2(sinχ1)D−3Yl,m,n,...
∂χ1
[
(sinχ1)
D−3 ∂χ1Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2)
]
+ 1
r2(sin2χ1)
1
(sinχ2)D−4
1
Yl,m,n,...
∂χ2
[
(sinχ2)
D−4 ∂χ2Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2)
]
+ . . .− m
2c2
~2
= 0 (A7)
which is rewritten as
− r
2
~
2
c2f(r)τ(t)∂
2
t [τ(t)] +
~
2r2
rD−2 ∂r
[
rD−2f(r)∂rψ(r)
]
1
ψ(r) −m
2 r2 c2 =
− ~2
[
1
(sinχ1)D−3Yl,m,n,...
∂χ1
[
(sinχ1)
D−3 ∂χ1Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2)
]
+ 1(sin2χ1)
1
(sinχ2)D−4
1
Yl,m,n,...
∂χ2
[
(sinχ2)
D−4 ∂χ2Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2)
]
+ . . .
]
. (A8)
In Eq. (A8), we equate both sides with ~2 l(l+ 1) and, therefore, the RHS which is the angular part becomes
~
2
(sinχ1)D−3Yl,m,n,...
∂χ1
[
(sinχ1)
D−3 ∂χ1Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2)
]
+ ~
2
(sin2χ1)
1
(sinχ2)D−4
1
Yl,m,n,...
∂χ2
[
(sinχ2)
D−4 ∂χ2Yl,m,n,...(χ1, χ2, χ3, . . . , χD−2)
]
+ . . . = − ~2 l(l+ 1) (A9)
and, consequently, the LHS part of Eq. (A8) will be
−
~
2r2
c2f(r)τ(t)
∂2t [τ(t)] +
~
2r2
rD−2
∂r
[
rD−2f(r)∂rψ(r)
]
1
ψ(r)
−m2 r2 c2 = ~2 l(l + 1) . (A10)
In D = 4 spacetime dimensions, the angular momentum operator can be identified as follows
L2 = −~2
[
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
sin2 θ
∂2
∂φ2
]
(A11)
L2 Yl,m(θ, φ) = ~
2 l(l + 1)Yl,m(θ, φ) . (A12)
By adopting the analysis followed before, Eq. (A10) for D = 4 reads
−
(
~
2
c2
)
1
τ(t)
∂2t [τ(t)] = −
~
2f(r)
r2
∂r
[
r2f(r)∂rψ(r)
]
1
ψ(r)
+m2 c2 f(r) +
~
2 l(l + 1)
r2
f(r) . (A13)
Now we equate both sides of Eq. (A13) with the quantity E
2
c2 and obtain
− 1τ(t)∂
2
t [τ(t)] =
E2
~2
(A14)
=⇒ τ(t) ∼ Exp [± iEt/~] (A15)
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while the radial part reduces to
−
~
2
r2
d
dr
[
r2f(r)
dψ(r)
dr
]
+
[
~
2 l(l+ 1)
r2
−
E2
c2 f(r)
+m2c2
]
ψ(r) = 0 (A16)
where
−
~
2
r2
d
dr
[
r2f(r)
dψ(r)
dr
]
= −
f(r) ~2
r2
d
dr
[
r2
dψ(r)
dr
]
− ~2 f ′(r)
dψ
dr
= −f(r) ~2∇2 ψ(r) − ~2 f ′(r)
dψ
dr
= f(r) p20ψ(r) − ~
2 f ′(r)
dψ
dr
. (A17)
Appendix B: Boundary condition
In order to be precise, we impose the boundary conditions of the form
ψ(r = ǫ) = 0 ψ(r = L) = 0 (B1)
where ǫ is a radial distance close to BH singularity, i.e., r = 0. The above boundary conditions imply
ψ(r = ǫ) = C1 exp
[
iǫ
8α~
{
1−
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
+ C2 exp
[
iǫ
8α~
{
1 +
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
(B2)
ψ(r = L) = C1 exp
[
iL
8α~
{
1−
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
+ C2 exp
[
iL
8α~
{
1 +
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
.(B3)
Solving the above equations, we obtain
C2
[
exp
[
iǫ
8α~
{
1 +
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
exp
[
iL
8α~
{
1−
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
− exp
[
iǫ
8α~
{
1−
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]
exp
[
iL
8α~
{
1 +
(
1−
8ic2 α~ l(1 + l)
GM
)1/2}]]
= 0 . (B4)
Then, we simplify Eq. (B4) and we get
exp
[
ǫ+ L
8α~
−
π
2
]
sin
[
L− ǫ
8α~
(1 − iαβ)1/2
]
= 0 . (B5)
Finally, the above equation reduces to
L+ ǫ
8α~
= (n+ 1)π, n ∈ N (B6)
L− ǫ
8α~
≈ pπ, p ∈ N . (B7)
It can be noted that for ǫ → 0 limit the above equation will give rise to the quantization conditions as obtained in
section(II).
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